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The bound state energies and scattermg phase shifts for the Coulomb 
potential are obtamed from both the Schrodinger and Dnac equations by 
takmg a Laplace transform. Inversion of transforms is not required, and the 
nonrelativistic eigenvalue problem is solved without even obtammg the trans- 
forms explicitly. The nonrelativistic scattermg amplitude appears after solvmg 
a first-order differential equation. 
1. INTRODUCTION 
A previous paper [I] investigated Schrodinger radial equations by solving 
for the Laplace transform. Energy eigenvalues, phase shifts and matrix 
elements were obtained from the transforms without inverting them. With 
the Coulomb potential, the transform of the S-wave radial function satisfies 
a first-order differential equation. This equation was solved, but it was 
observed that the eigenvalues could be deduced by inspection of the indicial 
equation of a power series solution. For angular momentum 2 > 0 the 
transform satisfies a second-order differential equation, which was solved 
for the Zth derivative of the transform. 
This paper shows that all the eigenvalues of the Coulomb potential may 
be deduced by inspection of the recurrence relations obtained by assuming 
series solutions to the equation for the transform. 
In [l] the bound state Coulomb problem was also solved by taking the 
Laplace transform of the equations obtained by separating the Schrodinger 
equation in parabolic coordinates. This is now extended to the scattering 
problem. Previously only phase shifts were obtained. The treatment below 
derives the Coulomb scattering amplitude by solving a first-order variables- 
separable differential equation. 
Finally this paper applies the method to the coupled radial equations 
resulting from the Dirac equation with Coulomb potential. The transforms 
of the radial functions are shown to be hypergeometric functions by solving 
in series. Eigenvalues and phase shifts are found by assuming as known the 
asymptotic properties of the hypergeometric function. 
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2. THE NONRELATIVISTIC EIGENVALUES 
Using the notation of [l], the transform U of the radial function with 
angular momentum I is the solution of 
(9 - fa”) U”(s) + (4s - d) U’(s) - (1 + 2) (I - 1) CT(s) = 0 P-1) 
satisfymg sU(s) + 0 as s + co. A series solution in powers of l/s gives an 
mdicial equation with roots 1 + 2 and 1 - 1, so the asymptotic requirement 
fixes the solution (apart from normalization) as the one such that 
L’(s) = O(s-‘p?). This solution always exists. The energy eigenvalues 
E = -(&?se”/2X2Zi2) correspond to those values of X for which U is regular 
at 5 = *CL 
A series solution in powers of s - +a gives an indicial equation with roots 
0 and h - 1. The substitutions U = V or U = W where 
V(s) = gov.(s - &d)“, W(s) = f w,(s - gx)“f~-1 (2.2) 
TZ=O 
lead to the recurrence relations 
(n - z + 1) (* + I+ 2) v, = -+ + 1) (n + 2 - A) v,+1 , (2.3) 
and 
(n + h + I+ 1) (n + h - 1) w, = -a@ + 1) (n + h) w,+r . (2.4) 
(i) Suppose Z > 0 and h is not a positive integer. Then (2.3) gives a 
series for V which terminates at n = Z - 1, so that V(s) = O(+l), and any 
solution involving W is not regular at s = +x. So h does not give an eigenvalue. 
Note that either the roots of the indicial equation differ by a noninteger, or 0 
is the larger root, so that the polynomial solution V of (2.1) always exists. 
(ii) If I > 0 and X = 1, then (2.3) and (2.4) become identical and again 
determine a polynomial solution V of degree Z - 1. Any other solution has a 
logarithmic singularity at s = $a. The eigenvalue conditions do not hold. 
(iii) Suppose h is an integer satisfying 1 < h < 1. Then (2.4) shows that 
the series for W terminates at 1z = 1 - h, so that W(s) = O(d-1). Also the 
right side of (2.3) becomes zero at n = h - 2 < Z - 1, i.e., before the series 
for V can terminate, showing that the power series solution is invalid and that 
V has a logarithmic singularity at s = +a. Thus there are no eigenvalues 
corresponding to 1 < X < 1. 
(iv) Suppose X is an integer and h > 2 > 0. Then X - 2 > Z - 1, 
so the zero in the right side of (2.3) d oes not appear until after the series has 
409/48/I-18 
272 M. J. ENGLEFIELD 
terminated at n = I - 1. Therefore V is again a polynomial of degree I - 1, 
and both V and IV are regular at s = &x. Every solution of (2.1), 
including the solution U(s) = O(s-z-2), is regular at s = &Y, so these values 
of X (A = I + 1, I + 2,...) all give eigenvalues. 
(v) These arguments do not hold for I = 0, because V does not 
terminate. The same type of argument can be applied to the first-order 
equation 
(3 - $3’) U’(s) + (2s - d) U(s) = 0 (I = 0) (2.5) 
given in [l]. Indicial equations show that U(s) = O(S-~) and is regular at 
s = 301, if X is a positive integer. Differentiating (2.5) gives (2.1). So the 
solution [l] of (2.5), U(s) = (s - $x)“-’ (s + *a)-“-’ is the O(+) solution 
of (2.1); any other independent solution must be O(s). 
To summarize, the eigenvalues correspond to all integer values of h > 1. 
This has been deduced without explicitly solving (2.1). 
3. NONRELATIVISTIC SCATTERING 
If 5 = r + z, 77 = r - z, 4 are parabolic coordinates, a scattering wave- 
function $ does not depend on 4. Taking the z-axis in the direction of the 
incident momentum Ak, I/J must be chosen so that its asymptotic form as 
y -+ c0 contains only erkz and erkr terms, and has no e-‘kZ or e-akr terms. 
Substituting VW, 7) = f(5) g(rl) into the Schrodinger equation gives [2] 
44f”(I) + Y’(S) + (k2f + &f(4) = 0, 
%“(d + +?‘(d + WI - 4nk - /9&d = a 
in which n = -pZe2/fi2K (the potential is -Ze2/r) and /l is an arbitrary 
separation constant. The transforms F(x), G(y) of f(t) and g(T) therefore 
satisfy 
(x2 + ik2) F’(x) + (x - t/q F(x) = 0, (3.1) 
(r” + @‘I G’(Y) + (Y + nk + iPI G(Y) = 0. (3.2) 
The possible singularities at x = &j& and y = f-ik correspond to the 
possible appearances of exp( -J--z’&) and exp( f$ikv) in the asymptotic forms 
off and g. Since exp(-+ik[) is not wanted, F must be regular at x = -i&k. 
From the indicial equation of a series solution of (3.1) in powers of x + &k, 
this implies j3 = 2ik(l - 2M) where M is a positive integer. Then, the 
indicial equation of a series solution of (3.1) in powers of x - &ik shows 
that the first power is (X - &k)“-‘. From Eq. (2.5) of [1], this implies 
f (0 N (const) fleM exp($ikt). Thus, only M = 1 gives a nonzero asymp- 
totic behavior. 
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With fl = -2ik, (3.2) becomes 
i Y + nk - itk dy = 0, “G” 
y2 + )k2 
giving 
G(y) = (const) (y + $&k)-l-Ln (y - ;fik)l”. 
From Eq. (2.5) of [l], 
‘m - (co4 
(-&+n e-likn 
l-(1 + in) 
+ (&&-an e$akn 
1 q-in) . 
Since f(E) N etrkC, 
#(5,d - (co4 
(---ikv1)“” ezkz 
T(l + in) 
+ (ikT)-l--En erhr 
1 q-in) ’ 
from which 77 = ~(1 - cos 0) gives the scattering amplitude and the well- 
known logarithmic modification of the asymptotic waves. 
4. THE RELATIVISTIC PROBLEMS 
With the Coulomb potential -.%x/r, the separation of the Dirac equation 
gives the coupled radial equations [2] 
('f@)(E + 1)YXl + Z~XI - TX2' - KXs = 0, 
(4.1) 
(mc/@ (e - 1) “X2 + ZQ + YXl’ - KX1 = 0, 
where m is the electron rest mass, E = Elmc2, and K is a nonzero integer 
specifying the angular momentum. Since x1 = x2 = 0 at Y = 0, the trans- 
forms X(s) and Y(s) of xl(r) and x2(r) satisfy 
(me/h) (1 + c) (dX/ds) - s(dY/ds) - ZaX + (K - 1) Y = 0, 
(4.2) 
s(dX/ds) + (mc/ti) (e - 1) (dY/ds) + (K + 1) X - ZolY = 0, 
and as s - co, sX(s) --+ 0 and sY(s) -+ 0. If c2 < 1, then the solutions of (4.2) 
may have singularities at s = &A = &(mc/fi) (1 - G)i, and E gives an 
eigenvalue if both X and Y are regular at s = A. The solution of (4.2) is 
simplified by the transformation 
x = (1 - E)f (U - V), Y = (1 + + (U + V), 
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which is the same as that used [2] to solve (4.1). Changing the variable to 
t = s - h yields 
(2X + t) (dV/dt) = (K - a) u - (1 + Hz) V, 
t(du/dt) = (,a - 1) CT + (K + U) v 
(4.3) 
where a = &/(l - .s~)*. 
Solving (4.3) by assuming a power series in t gives one solution regular at 
t = 0, namely 
&(t> = (K + a)F(l - y, 1 + y; 2 - <a; -t/2h), 
VI(t) = (1 - EU)F( 1 - y, 1 + y; 1 - Hz; -t/2h), 
where y = (K” - or2Z2)*, which is not an integer, and F is a hypergeometric 
function. A transformation formula [3] for the F expresses U, and VI in terms 
of hypergeometric functions in the variable -2h/t. It is then clear that 
Ur(t) = O(P-l), VI(t) = O(ty-l) unless EU - y is a positive integer, in which 
case UI(t) = O(t-y-l), VI(t) = O(t- - ) ?J ’ an E d g ives an eigenvahe. If K < 0, 
another eigenvalue is given by EU = y since then a = 1 K 1 and (4.3) is satis- 
fied by U(t) = 0, V(t) = (2X + t)--l-y. Th e second series solution of (4.3) 
is only regular at t = 0 if EU is a positive integer and then fails to have the 
correct behavior as t -+ co. 
By considering a series solution of (4.3) in p owers of t-l, consideration of 
both independent solutions is avoided (the first power is (l/t)‘” and not 
(l/t)‘-‘) and a formalism is obtained which extends easily to the scattering 
problem with c2 > 1. The relevant solution is 
U(t) = (a - y) t-l-“F(1 + y, y + HZ; 1 + 2y; -2X/t), 
v(t) = (K - a) t-‘-vF(1 + y, 1 + y + a; 1 + 2~; -2h/t). 
The transformation formulas [3] which express U and V in terms of hyper- 
geometric functions of argument -tt/2A now show that U and V are only 
regular at t = 0, if EU - y is a positive integer. There is also the exceptional 
case when EU = y. 
For the scattering problem with c2 > 1, define K > 0 by 
Then the transforms of the radial functions again satisfy (4.3), with h = ik, 
a = -i.&/(2 - l)‘, and U and V defined by the transformation 
X=i(<- l)k(U- V), Y = (I + + (U + V). 
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The indicial equation for a series solution in powers of (l/t) has roots 1 i y, 
and the root 1 + y gives 
U(t) = -(i7 + y) Ct-1-YF(l + y, y - i$ 2y + 1; -2&/t), 
k’(t) = (K + iq’) Ct-l-YF(1 + y, 1 + y - 2.7; 2y + 1; -2&/t), 
in which 7’ = iu = Zar/(G - l)‘, 7 = ~7’ and C is a constant. Transforma- 
tion formulas [3] for the hypergeometric function allow this solution to be 
expressed m terms of functions of argument --t/2& (or argument 1 + 2&/t), 
showing the nature of the singularity at t = 0 (or at t = -2ik), which is 
s = &(---i/z), and hence gives the outgoing (incoming) wave part of the 
asymptotic forms of xl(r) and x2(r). 
The details show that the outgoing wave term is determined by U and the 
ingoing wave term is determined by V. If U(Y) and W(Y) are the inverse trans- 
forms of U(S) and V(S), then (2.5) of [l] gives 
u(r) - -(i7 + y) (2kr)zV ezhr/ivT(y + 1 + iq), 
w(y) - (K + iq’) (2k~)-“~ eczLr/(-i)’ r(y + 1 - iq), 
on choosing 
C = einn(2k)Y r(y + l)/r(2y -1 1). 
Remembering that r2 + q2 = ~~ + v’~, it 1s then possible to manipulate 
the asymptotic form of x1 into the usual sine form, exhibiting the known 
phase shift [4]. 
The application of the Laplace transform to the relativistic problem does 
not give any simplification, and indeed the steps used are exact analogs of 
those used in the direct solution. However, it is satisfactory to verify that 
this method can be applied to the coupled radial equations resulting from 
the Dirac equation, and also of interest that the problem can be solved by 
using properties of hypergeometric functions. 
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